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We studythedynamicsof a systemof N classicalspinswith in®nite-rangeinteraction.We showthat, if the
thermodynamiclimit is takenbeforethe in®nite-timelimit, thesystemdoesnot relax to theBoltzmann-Gibbs
equilibrium, but exhibits different equilibrium properties,characterizedby stablenon-Gaussianvelocity dis-
tributions,LeÂvy walks,anddynamicalcorrelationin phasespace.
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Though not always clearly stated,standardequilibrium
thermodynamics@1±3# is valid only for suf®cientlyshort-
range interactions.This is not the case,for example,for
gravitationalor unscreenedCoulombian®elds,or for sys-
temswith long-rangemicroscopicmemoryandfractal struc-
turesin phasespace.The increasingexperimentalevidence
of dynamics and thermodynamicsanomaliesin turbulent
plasmas@4#and ¯uids @5±7#, astrophysicalsystems@8±12#,
nuclei@13,14#andatomicclusters@15#, granularmedia@16#,
glasses@17,18#, and complexsystems@19,20# found in the
last years,providefurther motivationfor a generalizationof
thermodynamics.

In this paper,we considera simple model of classical
spinswith in®nite-rangeinteractions@21±24#, andwe show
that, if the thermodynamiclimit is performedbeforethe in-
®nitetime limit, thesystemdoesnot relaxto theBoltzmann-
Gibbs ~BG! equilibrium, but exhibits different equilibrium
propertiescharacterizedby non-Gaussianvelocity distribu-
tions,LeÂvy walks,dynamicalcorrelationin phasespace,and
the validity of the zerothprinciple of thermodynamics.Our
resultsshowsomeconsistencywith thepredictionsof a gen-
eralized nonextensivethermodynamicsrecently proposed
@25,26#. TheHamiltonianmean-®eld~HMF! modeldescribes
a systemof N planarclassicalspins interactingthroughan
in®nite-rangepotential@21#. The Hamiltonianmay be writ-
ten as

H5 K1 V5 (
i 5 1

N pi
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2N (
i , j 5 1

N

@12 cos~ui2 u j ! #, ~1!

whereui is the i th angleand pi the conjugatevariablerep-
resentingthe angularmomentum~or the rotationalvelocity
sinceunit massis assumed!. Theinteractionis thesameasin
the ferromagneticX-Y model @2#, thoughthe summationis
extendedto all couplesof spins and not restrictedto ®rst

neighbors.Following tradition, the coupling constantin the
potentialis dividedby N. This makesH only formally exten-
sive (V; N whenN! ` ) @25±28#, sincetheenergyremains
nonadditive,i.e., the systemcannotbe trivially divided in
two independentsubsystems.The canonicalanalyticalsolu-
tion of the model predictsa second-orderphasetransition
from a low-energyferromagneticphasewith magnetization
M; 1 (M is the modulusof M5 (1/N) ( i 5 1

N mi , wheremi

5 „cos(ui),sin(ui)…, to a high-energyonewherethespinsare
homogeneouslyorientedon the unit circle and M; 0. The
caloric curve, i.e., the dependenceof the energydensityU
5 E/N on the temperatureT, is given by U5 T/21 1/2(1
2 M2) andshownin Fig. 1~a!. Thecritical point is at energy
densityUc5 0.75 correspondingto a critical temperatureTc
5 0.5 @21#. The dynamicalbehaviorof HMF may be inves-
tigatedin the microcanonicalensembleby startingthe sys-
tem with the so-calledwaterbag initial conditions~WBIC!,
i.e., ui5 0 for all i (M5 1) andvelocitiesuniformly distrib-
uted, and integrating numerically the equationsof motion
@22#. As shownin Fig. 1~a!, microcanonicalsimulationsare
in generalin good agreementwith the canonicalensemble,
exceptfor a regionbelow Uc , whereit hasalsobeenfound
a dynamicscharacterizedby LeÂvy walks, anomalousdiffu-
sion @23#, and a negativespeci®cheat @24#. Ensemblein-
equivalenceandnegativespeci®cheathavealsobeenfound
in self-gravitatingsystems@8#, nuclei, and atomic clusters
@13±15#, thoughin thepresentpaper,suchanomaliesemerge
asdynamicalfeatures@29,30#. In order to understandbetter
this disagreement,we focus on a particular energy value,
namelyU5 0.69, and we follow the time evolution of tem-
perature,magnetization,andvelocity distributions.

In Fig. 1~b!, we report the time evolution of 2^K&/N, a
quantity that, evaluatedat equilibrium, is expectedto coin-
cide with the temperature( •̂&denotestime averages!. The
systemis startedwith WBIC and rapidly reachesa meta-
stableor quasistationarystate~QSS! which doesnot coincide
with the canonicalprediction.In fact, after a short transient
time, 2^K&/N shows a plateau corresponding to a
N-dependenttemperatureTQSS(N) ~and MQSS; 0) lower
thanthecanonicaltemperature.This metastablestateneedsa
long time to relax to the canonicalequilibrium statewith
temperatureTcan5 0.476 and magnetizationM can5 0.307.
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The duration of the plateauincreaseswith the size of the
system:in particular,we havecheckedthat the lifetime of
QSShasa linear dependenceon N, seeFig. 1~c!. Therefore,
the two limits t! ` and N! ` do not commuteand if the
thermodynamiclimit is performedbefore the in®nite time
limit, the systemdoesnot relax to the BG equilibrium.This
hasbeenconjecturedto be an ubiquitousfeaturein nonex-
tensive systems@25#, but it has also been found for spin
glasses@17#. When N increasesTQSS(N) tends to T`
5 0.380,a valueobtainedanalyticallyasthe metastablepro-
longation~at energiesbelow Uc5 0.75) of the high-energy
solution (M5 0). We havealso found that @TQSS(N)2 T` #
} N2 1/3 and MQSS} N2 1/6, seeFig. 1~d!. At the sametime,
we have checked that increasing the size, the largest
Lyapunovexponentfor the QSStendsto zero.In this sense,
mixing is negligibleandoneexpectsanomaliesin the relax-
ationprocess@31#. Thefact thatTQSSconvergesto a nonzero
valueof temperaturefor N! ` meansthat,whenN is mac-
roscopicallylarge,systemsmay sharethe sametemperature,
though this equilibrium is not the familiar one. All this
amountsto say that the zerothprinciple of thermodynamics
is strongerthanwhat onemight think throughBG statistical

mechanics,sinceit is trueevenwhenthesystemis not at the
usual BG equilibrium. We have checkedthe robustnessof
the aboveresultsby changingthe level of accuracyof the
numericalintegrationandby addingsmallperturbations.We
alsoveri®edthat the QSShasa ®nitebasinof attraction,by
adoptingdifferent initial conditions,as for example,double
waterbaginitial conditions~DWBIC!. In Fig. 2, we focuson
the velocity probability distribution functions~PDF's!. The
initial velocity PDF's ~WBIC or DWBIC!, reportedin Fig.
2~a! , quickly acquireandmaintainduringtheentireduration
of the metastablestatea non-Gaussianshape, seeFigs.2~b!
and 2~c!. The velocity PDF of the QSS is wider than a
Gaussianfor smallvelocities,but showsa fasterdecreasefor
p. 1.2.Theenhancementfor velocitiesaroundp; 1 is con-
sistent with the anomalousdiffusion and the LeÂvy walks
~with averagevelocity p; 1) observedin the QSS regime
@23#. The following rapid decreasefor p. 1.2 is dueto con-
servationof total energy. The stability of the QSSvelocity
PDF may be explainedby the fact that, for N! ` , MQSS
! 0 and thus the force on the spins tendsto zero with N,
beingF i52 M x sinui1 M y cosui . Of course,for ®niteN, we
havealwaysa small randomforce,which makesthe system

FIG. 1. ~a! Caloriccurve:microcanonicalnumericalresultsfor N5 10000,100000arecomparedwith equilibriumtheoryin thecanonical
ensemble.Thedashedvertical line indicatesthecritical energy.Waterbaginitial conditions~WBIC! areusedin thenumericalsimulations.
Temperatureis computedfrom T5 2^K&/N, where •̂&denotestime averagesafter a short transienttime t05 102 ~not reportedhere!. The
time stepusedwas0.2 @22#. ~b! Microcanonicaltime evolutionof 2^K&/N, for the energydensityU5 0.69anddifferent sizes.Eachcurve
is anaverageovertypically 1002 1000events.Thedot-dashedline representsthecanonicaltemperatureTcan5 0.476.Thequantity2^K&/N,
which startsfrom an initial value1.38(V5 0 andK5 UN in WBIC!, doesnot relax immediatelyto the canonicaltemperature.The system
lives in a quasistationarystate~QSS! with a plateautemperatureTQSS(N) smaller thanthe expectedvalue0.476.The lifetime of the QSS
increaseswith N and the value of their temperatureconverges,as N increases,to the temperatureT` 5 0.38, reportedas a dashedline.
Log-log plot of theQSSlifetime ~c! andTQSS(N)2 T` ~d! arereportedasa functionof thesizeN. Thelifetime divergeslinearly with N, and
TQSS(N) convergesto T` 5 0.38 asN2 1/3 ~see®t shownas a dashedline!. Note that from the caloric curveonegetsM25 T1 12 2U5 T
2 0.38.Therefore,from the behaviorreportedin panel~d!, beingT` 5 0.38,onegetsMQSS5 N2 1/6. Resultsaresimilar whenwe consider
doublewaterbag initial conditions~DWBIC!, i.e., ui5 0 for all i andvelocitiesuniformly distributedin (2 p2 ,2 p1) and(p1 ,p2). In the
®gure,we report the casep15 0.8, p25 1.51.
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eventuallyevolve into the usualMaxwell-Boltzmanndistri-
bution after sometime. We showthis for small systems(N
5 500,1000)at time t5 500000 in Fig. 2~e!. Whenthis hap-
pens,LeÂvy walks disappearandanomalousdiffusion leaves
placeto Browniandiffusion @23#. A possibleframeto repro-
ducethenon-GaussianPDF in Fig. 2~b! couldbe thenonex-
tensivestatisticalmechanicsrecentlyproposed@25,26# with
the entropic index q5” 1. This formalism provides,for the
canonicalensemble,a q-dependentpower-lawdistributionin
the variablespi , ui . This distribution has to be integrated
over all ui and all but one pi in order to obtain the one-
momentumPDF, Pq(p), to be comparedwith the numerical
one, Pnum(p), obtainedby considering,within the present
moleculardynamicalframe, increasinglylarge N-sizedsub-
systemsof an increasinglylarge M system.Within the M
@N@1 numericallimit, we expectto go from the microca-
nonical ensembleto the canonicalone ~the cutoff is then
expectedto graduallydisappearasindeedoccursin theusual
short-rangeHamiltonians!, thus justifying the comparison
betweenPq(p) and Pnum(p). The enormouscomplexity of
this proceduremadeus turn insteadto a naive,but tractable,
comparison,namely that of our presentnumerical results
with the following one-free-particlePDF @25# P(p)5 @1
2 (1/2T)(12 q)p2#1/(12 q), which recovers the Maxwell-
Boltzmanndistribution for q5 1. This formula hasbeenre-

centlyusedto describesuccessfullyturbulentCouette-Taylor
¯ow @5#andnon-GaussianPDF's relatedto anomalousdif-
fusionof Hydra cells in cellularaggregates@19#. In our case,
the best ®t is obtainedby a curve with q5 7, T5 0.38 as
shown in Figs. 2~b! and 2~c!. The agreementbetweennu-
merical resultsand theoreticalcurve improveswith the size
of thesystem.A ®nite-sizescalingcon®rmingthevalidity of
the ®t is reportedin panel ~d!, where D5 Pth2 Pnum, the
differencebetweenthe numericalresultsand the theoretical
curvefor q5 7, is shownto go to zeroasa powerof N ~for
four valuesof p). Sinceq. 3, the theoreticalcurvedoesnot
havea ®niteintegral,andtherefore,it needsto be truncated
with a sharpcutoff to makethetotal probabilityequalto one.
It is howeverclear that the ®tting value q5 7 is only an
effectivenonextensiveentropicindex.Similar non-Gaussian
PDF's havealsobeenfound in turbulenceandgranularmat-
ter experiments@5,16#, thoughthis is the ®rstevidencein a
Hamiltoniansystem.In Fig. 3, we verify, throughthe calcu-
lation of the fractal dimensionD2 @32#, that a dynamical
correlationemergesin them spacebeforethe®nalarrival to
a quasiuniformdistribution.During intermediatetimessome
®lamentarystructuresappear,a similar featurehasrecently
beenfoundalsoin self-gravitatingsystems@11#, which might
be closely relatedto the plateausobservedin Fig. 1~b!. We
learn from the curves in Fig. 3~c! that, since they do not

FIG. 2. Time evolutionof thevelocity probabilitydistributionfunction~PDF! for U5 0.69anddifferentsizesof thesystem.~a! At time
t5 0 we startwith a single~WBIC! or a double~DWBIC! waterbagvelocity PDF.~b! In thetransientregimewhere2^K&/N showsa plateau
correspondingto TQSS(N) and the systemlives in a quasistationarystate~QSS!, the velocity PDF's do not changein time and are very
different from theGaussiancanonicalequilibriumdistribution~full curve!. ThePDF's at time t5 1200for N5 1000,10000,100000showa
convergencetowardsa non-Gaussiandistributionthatcanbe®ttedby meansof a power-lawanalyticalcurve~dashedcurve! consistentwith
the generalizednonextensivethermodynamics@25# proposedby Tsallis and characterizedby q5 7 and T5 0.38, seetext. The theoretical
curvehasbeentruncatedwith a sharpcutoff in order to havetotal probability equalto one,seetext. ~c! The samecurvesshownin ~b! at
t5 1200arereportedin linear scale.~d! We showthe difference,D, betweenthe numericalresultsandthe theoreticalcurve,asa function
of N for the four valuesof p indicatedby arrowsin panel~c!. ~e! We showthe numericalPDF's at t5 500000 for N5 500 and1000.We
get an excellentagreementwith the Gaussiancanonicalequilibrium distributionat temperatureT5 0.476.
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sensiblydependon N, thepossibleconnectiondoesnot con-
cern the entire m space,but perhapsonly the small sticky
regionsbetweenthe ``chaoticsea'' andthe quasiorbits@33#.

Metastablestatesare ubiquitousin nature.Their full un-
derstandingis, however,far from trivial. Theybasicallycor-
respondto local, insteadof global, minima of the relevant
thermodynamicenergy.The two typesof minima are sepa-
ratedby activationbarriersthat at the thermodynamiclimit,
may be low, high, or in®nite,all of thempresumablyoccur-
ring in nature.The last caseyields of courseto quite drastic
consequences.Moreover, the local minimum may either
make the systemto live in a smoothpart of the a priori
accessiblephasespace,or it may force it to live in a geo-
metricallymorecomplex~e.g.,multifractal! partof thephase
space.The richnessof such a situation is what makesthe
studyof glasses,nuclei,atomicclusters,self-gravitatingand
othercomplexsystemsinteresting.It is naturalto expectfor
suchsystemsthat the in®nitesizeandin®nitetime limits are
not interchangeable.What hasemergedquite clearly hereis
that thermodynamicallylargesystemswith long-rangeinter-

actionsbelongto this very rich class.We haveveri®edthat
the usualattributesof thermalequilibrium: zerothprinciple
at ®nitetemperatures,robustnessassociatedwith a ®niteba-
sin of attraction in the spaceof the initial conditions,stable
distribution of velocities, are satis®ed,but they systemati-
cally differ from what BG statisticalmechanicshavemade
familiar to us for the last 130 years.Our ®ndingsindicate
someconsistencywith thepredictionsof nonextensivestatis-
tical mechanics@25#, thougha ®rm and unambiguouscon-
nectionremainsa challengefor future studies.In particular,
we believe all these featuresnot to be exclusive of the
presentHMF model.Similar scenariosareexpectedfor sys-
temswith, for example,two-bodyinteractionsdecayinglike
r 2 a for 0< a< a c , wherea c is equal,for classicalsystems,
to the spacedimension@27,28#.

We thank M. Antoni, F. Baldovin, M. Baranger,E.P.
Borges,E.G.D.Cohen,X. Campi,H. Krivine, M. MeÂzard,S.
Ruffo, andA. Torcini for stimulatingdiscussions.

FIG. 3. Correlationin m space.~a! We showthem space,i.e., theangleandmomentaof theN particles,for U5 0.69andN5 10000at
different time scales,startingfrom WBIC. Although the initial con®gurationis uniform, structuresemergeandpersistfor a very long time
before dissolving again at equilibrium. A way to measurethese correlations is by means of the correlation integral @32# C(r )
5 (1/N2) ( i , j

N Q(r2 di , j ) wheredi , j is the Euclideandistancebetweentwo points of the m space.In general,C(r )5 r D2, whereD2 is the
correlationfractaldimension.~b! By reportingthe logarithmof C(r ) vs the logarithmof r, a linearbehavioroverseveraldecadesis found.
The fractal dimensionthusextractedis reportedin ~c! vs time ~an averageover 50 eventsis considered!. In the sametime scalewherewe
®ndtheQSS,thecorrelationdimensionis inbetweenoneandtwo. Theparticlesarefully spreadin them spaceonly at equilibrium.As time
increases,D2 growscontinuouslyfrom oneto two.
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