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Non-Gaussianequilibrium in a long-range Hamiltonian system
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We studythe dynamicsof a systemof N classicalspinswith in®nite-rangenteraction.We showthat, if the
thermodynamidimit is takenbeforethe in®nite-timelimit, the systemdoesnot relaxto the Boltzmann-Gibbs
equilibrium, but exhibits different equilibrium properties,characterizedy stablenon-Gaussiawvelocity dis-
tributions, L&/y walks, anddynamicalcorrelationin phasespace.
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Though not always clearly stated, standardequilibrium
thermodynamics@+ 3 is valid only for suf®cientlyshort-
range interactions.This is not the case,for example,for
gravitational or unscreenedCoulombian®elds,or for sys-
temswith long-rangemicroscopicmemoryandfractal struc-
turesin phasespace.The increasingexperimentalevidence
of dynamics and thermodynamicsanomaliesin turbulent
plasmas@#and uids @+ 7 astrophysicabystems@+ 12#
nuclei @3,14tandatomicclusters@5# granularmedia@6#
glasses@7,18 and complexsystems@9,23# found in the
lastyears,provide further motivationfor a generalizatiorof
thermodynamics.

In this paper,we considera simple model of classical
spinswith in®nite-rangenteractions@1+24# andwe show
that, if the thermodynamidimit is performedbeforethe in-
®nitetime limit, the systemdoesnot relaxto the Boltzmann-
Gibbs -BG! equilibrium, but exhibits different equilibrium
propertiescharacterizedoy non-Gaussiarvelocity distribu-
tions, Lévy walks, dynamicalcorrelationin phasespaceand
the validity of the zerothprinciple of thermodynamicsOur
resultsshowsomeconsistencywith the predictionsof a gen-
eralized nonextensivethermodynamicsrecently proposed
@5,26t The Hamiltonianmean-®eldHMF! modeldescribes
a systemof N planarclassicalspinsinteractingthroughan
in®nite-rangepotential @1# The Hamiltonian may be writ-
tenas

N 2 N
P;
il _( 2 I
H5 K1 V5 i(” 212Ni, 1@2 Ccos-u;2 U\ 4, 1!

where u; is theith angleand p; the conjugatevariablerep-
resentingthe angularmomentum-or the rotational velocity
sinceunit massis assumell Theinteractionis the sameasin
the ferromagneticX-Y model @% thoughthe summationis
extendedto all couplesof spinsand not restrictedto ®rst
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neighbors.Following tradition, the coupling constantin the
potentialis divided by N. This makesH only formally exten-
sive(V; N whenN! * ) @5+2# sincethe energyremains
nonadditive,i.e., the systemcannotbe trivially divided in
two independensubsystemsThe canonicalanalytical solu-
tion of the model predictsa second-ordeiphasetransition
from a low-energyferromagneticphasewith magnetization
M; 1 (M is the modulusof M5 (UN)( % ;m;, wherem,
5 ,cos(u),sin(t) ., to ahigh-energyonewherethe spinsare
homogeneouslyprientedon the unit circle and M; 0. The
caloric curve i.e., the dependencef the energydensity U
5 E/N on the temperatureT, is given by U5 T/21 1/2(1
2 M?) andshownin Fig. 1-al. Thecritical pointis atenergy
densityU .5 0.75 correspondingo a critical temperatureT .
5 0.5 @1# The dynamicalbehaviorof HMF may be inves-
tigatedin the microcanonicalensembleby startingthe sys-
tem with the so-calledwaterbaginitial conditions-WBIC!,
i.e.,, .5 0 for all i(M5 1) andvelocitiesuniformly distrib-
uted, and integrating numerically the equationsof motion
@2# As shownin Fig. 1-al, microcanonicakimulationsare
in generalin good agreementvith the canonicalensemble,
exceptfor aregionbelow U, whereit hasalsobeenfound
a dynamicscharacterizedy Lévy walks, anomalougdiffu-
sion @3# and a negativespeci®cheat @4# Ensemblein-
equivalenceand negativespeci®dcteathavealso beenfound
in self-gravitatingsystems@# nuclei, and atomic clusters
@3+ 15# thoughin the presenpaper,suchanomalieemerge
asdynamicalfeatures@9,3@# In orderto understandetter
this disagreementywe focus on a particular energy value,
namelyU5 0.69, and we follow the time evolution of tem-
perature magnetizationand velocity distributions.

In Fig. 1-b!, we report the time evolution of 2"K&N, a
quantity that, evaluatedat equilibrium, is expectedto coin-
cide with the temperaturg”s & denotestime averages The
systemis startedwith WBIC and rapidly reachesa meta-
stableor quasistationargtate~QSS which doesnot coincide
with the canonicalprediction.In fact, after a shorttransient
time, 2"K&N shows a plateau correspondingto a
N-dependenttemperatureTosdN) -~and Mgsg 0) lower
thanthe canonicatemperatureThis metastablestateneedsa
long time to relax to the canonicalequilibrium state with
temperatureT;,,5 0.476 and magnetizationM;,,5 0.307.
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FIG. 1. ~a Caloriccurve:microcanonicahumericalresultsfor N5 10000,100000arecomparedvith equilibriumtheoryin the canonical
ensembleThe dashedverticallline indicatesthe critical energy.Waterbaginitial conditions-WBIC! areusedin the numericalsimulations.
Temperaturdés computedfrom T5 27K &N, where” &denotegime averagesafter a shorttransienttime t,5 107 ~-not reportedhere. The
time stepusedwas0.2 @2# ~b! Microcanonicaltime evolutionof 2K &N, for the energydensityU5 0.69 anddifferent sizes.Eachcurve
is anaverageovertypically 102 1000eventsThe dot-dashedine representshe canonicatemperaturd .,,5 0.476.The quantity2"K &N,
which startsfrom aninitial value1.38(V5 0 andK5 UN in WBIC!, doesnhot relaximmediatelyto the canonicaltemperatureThe system
lives in a quasistationargtate-QSS with a plateautemperaturelT os{N) smallerthanthe expectedvalue0.476.The lifetime of the QSS
increaseswith N and the value of their temperatureconvergesas N increasesto the temperaturel- 5 0.38, reportedas a dashedline.
Log-log plot of the QSSlifetime €! andTos{N)2 T- -d! arereportedasa functionof thesizeN. Thelifetime divergedinearly with N, and
TosdN) convergedo T- 5 0.38 asN? ¥® -see®t shownas a dashedine!. Note that from the caloric curve onegetsM?5 T1 12 2U5 T
2 0.38. Therefore from the behaviorreportedin panel-d!, beingT- 5 0.38,0negetsM s H N2 Y6, Resultsare similar whenwe consider
doublewaterbaginitial conditions-DWBIC!, i.e., 445 0 for all i andvelocitiesuniformly distributedin (2 p,,2 p;) and(p4,p,). In the

®gurewe reportthe casep;5 0.8, p,5 1.51.

The duration of the plateauincreaseswith the size of the
system:in particular,we have checkedthat the lifetime of
QSShasal lineardependencen N, seeFig. 1~!. Therefore,
the two limits t! and N! do not commuteandif the
thermodynamidimit is performedbefore the in®nite time
limit, the systemdoesnot relaxto the BG equilibrium. This
hasbeenconjecturedto be an ubiquitousfeaturein nonex-
tensive systems@5# but it has also beenfound for spin
glasses @7# When N increasesTosdN) tendsto T
5 0.380,a value obtainedanalytically asthe metastablero-
longation ~at energiesbelow U 5 0.75) of the high-energy
solution (M5 0). We havealso found that @qs{N)2 T- #
} N2 andMgsd N2 Y6, seeFig. 1-d!. At the sametime,
we have checked that increasing the size, the largest
Lyapunovexponentor the QSStendsto zero.In this sense,
mixing is negligibleandone expectsanomaliedn the relax-
ationprocess®1# Thefactthat Togsconvergeso anonzero
value of temperaturdor N! meansthat, whenN is mac-
roscopicallylarge,systemamay sharethe sametemperature,
though this equilibrium is not the familiar one. All this
amountsto saythat the zerothprinciple of thermodynamics
is strongerthanwhat one might think throughBG statistical

mechanicssinceit is true evenwhenthe systemis not at the
usual BG equilibrium. We have checkedthe robustnessf
the aboveresultsby changingthe level of accuracyof the
numericalintegrationandby addingsmall perturbationsWe
alsoveri®edthat the QSShasa ®nitebasinof attraction,by
adoptingdifferentinitial conditions,as for example,double
waterbaginitial conditions-DWBIC!. In Fig. 2, we focuson
the velocity probability distribution functionsPDF'sl. The
initial velocity PDF's “WBIC or DWBIC!, reportedin Fig.
2~al , quickly acquireandmaintainduringthe entireduration
of the metastablestatea non-Gaussiarshape seeFigs. 2-b!
and 2-!. The velocity PDF of the QSSis wider than a
Gaussiarfor smallvelocities,but showsa fasterdecreasdor
p. 1.2.Theenhancemerior velocitiesaroundp; 1 is con-
sistentwith the anomalousdiffusion and the Lévy walks
~with averagevelocity p; 1) observedin the QSSregime
@3# Thefollowing rapid decreasdor p. 1.2is dueto con-
servationof total energy. The stability of the QSSvelocity
PDF may be explainedby the fact that,for N!' *, Mgss
I 0 andthusthe force on the spinstendsto zero with N,
beingF;52 M, sinu;1 My cogy; . Of coursefor ®niteN, we
havealwaysa small randomforce, which makesthe system
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FIG. 2. Time evolutionof the velocity probability distributionfunctionPDR for U5 0.69anddifferentsizesof the system-~al At time
t5 0 we startwith asingle-WBIC! or adouble-DWBIC! waterbagvelocity PDF.-b! In thetransientegimewhere2”"K &N showsa plateau
correspondingo TosdN) andthe systemlives in a quasistationanstate~QSS, the velocity PDF's do not changein time and are very
differentfrom the Gaussiarcanonicalequilibrium distribution~full curvd. The PDF's attime t5 1200for N5 1000,10000,100000 showa
convergenceowardsa non-Gaussiauistributionthat canbe ®ttedby meansof a power-lawanalyticalcurve~dashedcurve consistentith
the generalizedhonextensivahermodynamics@5# proposedby Tsallis and characterizedy g5 7 and T5 0.38, seetext. The theoretical
curve hasbeentruncatedwith a sharpcutoff in orderto havetotal probability equalto one, seetext. <! The samecurvesshownin -b! at
t5 1200arereportedin linear scale.~d! We showthe difference,D, betweenthe numericalresultsandthe theoreticalcurve,asa function
of N for the four valuesof p indicatedby arrowsin panel-€!. € We showthe numericalPDF's at t5 500000 for N5 500 and 1000.We
getan excellentagreementvith the Gaussiarcanonicalequilibrium distribution at temperaturel'5 0.476.

eventuallyevolve into the usual Maxwell-Boltzmanndistri-
bution after sometime. We showthis for small systemsN
5 500,1000)at time t5 500000in Fig. 2-€!. Whenthis hap-
pens,Lévy walks disappearand anomaloudiffusion leaves
placeto Browniandiffusion @3# A possibleframeto repro-
ducethe non-GaussiaPDFin Fig. 2-b! could be the nonex-
tensivestatisticalmechanicgecently proposed@5,26# with
the entropicindex g3 1. This formalism provides,for the
canonicalensemblea g-dependenpower-lawdistributionin
the variablesp;, u; . This distribution hasto be integrated
over all ¢ and all but one p; in order to obtain the one-
momentumPDF, P(p), to be comparedwith the numerical
one, P,,m(pP), obtainedby considering,within the present
moleculardynamicalframe,increasinglylarge N-sized sub-
systemsof an increasinglylarge M system.Within the M
@N@1 numericallimit, we expectto go from the microca-
nonical ensembleto the canonicalone ~the cutoff is then
expectedo graduallydisappeaasindeedoccursin the usual
short-rangeHamiltonians, thus justifying the comparison
betweenP4(p) and P,,(p). The enormouscomplexity of
this proceduremadeusturn insteadto a naive,but tractable,
comparison,namely that of our presentnumerical results
with the following one-free-particlePDF @5# P(p)5 @
2 (1/2T)(12 q)p?#'12 9, which recovers the Maxwell-
Boltzmanndistributionfor g5 1. This formula hasbeenre-

centlyusedto describesuccessfullyturbulentCouette-Taylor
“ow @#andnon-GaussiafPDF's relatedto anomalouddif-
fusionof Hydra cellsin cellularaggregategd9# In our case,
the best®t is obtainedby a curve with g5 7, T5 0.38 as
shownin Figs. 2-b! and 2~¢!. The agreemenbetweennu-
merical resultsand theoreticalcurve improveswith the size
of the system A ®nite-sizescalingcon®rminghe validity of
the ®t is reportedin panel-~d!, where D5 P;,2 P, ,m, the
differencebetweenthe numericalresultsand the theoretical
curvefor g5 7, is shownto go to zeroasa powerof N ~for
four valuesof p). Sinceq. 3, thetheoreticalcurvedoesnot
havea ®niteintegral,andtherefore,it needsto be truncated
with a sharpcutoff to makethetotal probability equalto one.
It is however clear that the ®tting value g5 7 is only an
effective nonextensiveentropicindex. Similar non-Gaussian
PDF's havealsobeenfoundin turbulenceandgranularmat-
ter experiments®,164 thoughthis is the ®rstevidencein a
Hamiltoniansystem.In Fig. 3, we verify, throughthe calcu-
lation of the fractal dimensionD, @2# that a dynamical
correlationemergesn the m spacebeforethe ®nalarrival to
a quasiuniformdistribution. During intermediatdimessome
®lamentarystructuresappear,a similar featurehasrecently
beenfoundalsoin self-gravitatingsystems@1# which might
be closelyrelatedto the plateausobservedn Fig. 1-b!. We
learn from the curvesin Fig. 3~! that, since they do not
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FIG. 3. Correlationin mspace-al We showthe mspacej.e., the angleandmomentaof the N particles,for U5 0.69andN5 10000 at
differenttime scales startingfrom WBIC. Although the initial con®gurations uniform, structuresemergeand persistfor a very long time
before dissolving again at equilibrium. A way to measurethese correlationsis by meansof the correlation integral @2# C(r)
5 (1/N?)( i“ij(rZ d; ;) whered, ; is the Euclideandistancebetweentwo points of the m space.In general,C(r)5 rPz, whereD, is the
correlationfractal dimension-b! By reportingthe logarithmof C(r) vs the logarithmof r, a linear behaviorover severaldecadess found.
The fractal dimensionthus extracteds reportedin ~€! vs time ~an averageover 50 eventsis consideretl In the sametime scalewherewe
®ndthe QSS, the correlationdimensionis inbetweenoneandtwo. The particlesarefully spreadn the m spaceonly at equilibrium.Astime

increasesP, grows continuouslyfrom oneto two.

sensiblydependon N, the possibleconnectiondoesnot con-
cern the entire m space,but perhapsonly the small sticky
regionsbetweenthe ““chaoticsea" andthe quasiorbits@3#
Metastablestatesare ubiquitousin nature.Their full un-
derstandings, however far from trivial. Theybasicallycor-
respondto local, insteadof global, minima of the relevant
thermodynamicenergy.The two typesof minima are sepa-
ratedby activationbarriersthat at the thermodynamidimit,
may be low, high, or in®nite,all of them presumablyoccur-
ring in nature.The last caseyields of courseto quite drastic
consequencesMoreover, the local minimum may either
make the systemto live in a smoothpart of the a priori
accessiblgphasespace,or it may force it to live in a geo-
metricallymorecomplex-e.g.,multifractal partof the phase
space.The richnessof sucha situationis what makesthe
study of glassesnuclei, atomic clusters self-gravitatingand
othercomplexsystemdnteresting.lt is naturalto expectfor
suchsystemghatthe in®nitesizeandin®nitetime limits are
not interchangeablé/Vhat hasemergedquite clearly hereis
thatthermodynamicallyfarge systemswith long-rangeinter-

actionsbelongto this very rich class.We haveveri®edthat
the usualattributesof thermalequilibrium: zeroth principle

at ®nitetemperaturesiobustnessassociatedvith a ®niteba-

sin of attractionin the spaceof the initial conditions,stable
distribution of velocities are satis®edput they systemati-
cally differ from what BG statisticalmechanicshave made
familiar to us for the last 130 years.Our ®ndingsindicate
someconsistencyith the predictionsof nonextensivestatis-
tical mechanics@5# thougha ®rm and unambiguouscon-
nectionremainsa challengefor future studies.In particular,
we believe all thesefeaturesnot to be exclusive of the
presentHMF model. Similar scenariosare expectedor sys-
temswith, for example two-bodyinteractionsdecayinglike

r2 @ for 0< a< a., wherea is equal,for classicalsystems,
to the spacedimension@7,28¢
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